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Abstract. We systematically construct an extensive list of realistic mass matrix textures for leptons. 
For this set of matrices, we discuss the parameter space, and illustrate how these textures could 
be generated in explicit models from flavor symmetries. 
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1 Introduction 

Numerous theories have been considered to understand 
the striking difference between quark and lepton mix- 
ings and their mass hierarchies. A promising approach 
is the introduction of flavor symmetries. An exam- 
ple are spontaneously broken flavor symmetries gen- 
erating masses from higher-dimension terms via the 
Froggatt-Nielsen mechanism [1]. In such approaches, 
effective dimension- n mass terms, proportional to e", 
arise, where e depends on the flavon vacuum expec- 
tation value (VEV) suppressed by the mass of super- 
heavy fermions. In this way, mass matrix textures with 
e-powers as entries are obtained. Consequently, such a 
matrix structure contains information on the hierarchy 
among matrix elements and goes beyond approaches, 
e.g., using texture zeros. 

However, many flavor symmetries and scenarios of 
mass generation are possible. Therefore, we suggest 
in [2, 3] a systematic bottom-up approach. Thereby, 
we do not start with a symmetry to generate textures. 
Instead, we systematically construct a comprehensive 
list of mass matrix textures from very generic assump- 
tions, for effective lepton masses and for the seesaw 
mechanism [4]. In our approach, we parameterize all 
mass ratios in powers of a small quantity e ~ 0.2, 
which is of the order of the Cabibbo angle 0c , and al- 
low the mixing angles to be either 7r/4 or use powers 
of e. This is the hypothesis of extended quark- lepton 
complementarity [2, 3] and is motivated by the usual 
quark- lepton complementarity [5] , various models with 
flavor symmetries predicting maximal mixing and the 
Froggatt-Nielsen mechanism. 

From our resulting list of mass mass matrices, we 
investigate the parameter space, e.g., with respect to 
mixing angle and mass hierarchy distributions and spe- 
cial cases. Furthermore, we demonstrate how these tex- 
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tures could be generated in explicit models from flavor 
symmetries. 

2 Effective Mass Matrices 

In the Standard Model with massive Majorana neutri- 
nos, the effective lepton mass terms have the form 

C M = -{M t ) t] e,e c 3 - \{M^) ijViVj + h.c, (1) 

where e, and are the left-handed charged leptons 
and neutrinos, e\ the right-handed charged leptons, 
and i — 1,2,3 is the generation index. The mass ra- 
tios of charged leptons and normal hierarchical (NH) 
neutrino^] are roughly given as 

ra„ : m a : m T = e 4 : e 2 : 1, 

2 i (2) 
mi : 77i2 : = e : e : 1. 

The best-fit values of the mixing angles of the lepton 
mixing matrix (c/., tribimaximal mixing [6]) 

C/pmns = U\U„ = V\D V V V K V (3) 

are 

012 = 7T/4 - 6, 013 = 0, 23 = tt/4, (4) 

where J/pmns is on the standard form, Ue and U v 
are the charged lepton and neutrino mixing matri- 
ces respectively, Ui and U v are CKM-like matrices, 
D v = diag(l,e i ^ 1 ,e^ 2 ), and K v = diag(e* , e*, 1). 
Note that we have removed unphysical phases and 
have used the parameterization of a general unitary 
3x3 matrix 

^unitary = jjfj R ^ 

1 In this talk we restrict ourselves to NH. However, in 
[2, 3] we also discuss scenarios of inverted hierarchical and 
degenerate neutrinos. 
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Fig. 1. Distributions of sin 2 2#i3 (left), sin 2 #23 (middle), and sin 2 812 (right) of Yukawa coupling matrices for e = 0.2 
(figure taken from [2]). The bars show the number of selected Yukawa coupling matrices per bin, i.e., per specific 
parameter range. The gray-shaded regions mark the current 3<r-excluded regions. 
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Table 1. Selected examples of mass matrix textures from [2]. For the mass matrices of charged leptons we use the basis 
in which the mixings of the right-handed fields are zero. Shown are also the corresponding mixing angles and phases of 
Ui, Uv (with £ £ {0, 7r}), as well as the mixing angles of {/pmns- 



Here, D and K are diagonal phase matrices, i.e., D = 
diagfe^Se^e^ 3 ), K = diag (e iQl , e"* 2 , l), and 
is a CKM-like matrix. The mass matrices are diago- 
nalized by 

Mi = U t M £ diag U\, , M^ aj = U V M? ag Z7j, (6) 

where the mass matrices, in the mass basis, are M dlag = 
m £ diag(e 4 ,e 2 ,l) and Af diag = m u diag(e 2 , e, 1). 

From Eq. |3]), one can see that more than one com- 
bination of Ui and U v can lead to the same PMNS 
mixing matrix. This ambiguity could be circumvented, 
e.g., by rotating to the basis where the charged lep- 
tons are diagonal, or by using invariants. However, we 
should keep in mind the origin of Ui and U v , i.e., that 
the mass matrices might be generated by a flavor sym- 
metry. Therefore, we do not use such a simplification 
in our model-independent bottom-up approach in or- 
der not to loose or conceal this information. Later, we 
will identify the origin of our mass matrix textures by 
explicit models from flavor symmetries. 

In order to obtain a comprehensive set of real- 
istic mass matrices, we extend the parameterization 
described above and use the hypothesis of extended 
quark-lepton complementarity, i.e., all masses and mix- 
ings are powers of a small quantity e ~ 9c- For the 
mixings, e° is interpreted as tt/4. Therefore, we gen- 
erate all possible combinations of Eq. ([3]) with #f ■ £ 



{"7t/4, e, e 2 , 0} and phases or tt, where x £ {£, v}. We 
have truncated the series of Ofj after e 2 and approxi- 
mate e™ = for n > 2, since this corresponds to the 
present experimental precision. In order to obtain the 
textures, we have expanded the mass matrices to sec- 
ond order in e about e = 0, and identified each element 
with its leading order in e. An obvious advantage of 
this method is that no diagonalization is needed. Out 
of the 262144 obtained combinations, 2 468 are com- 
patible with current experiments at the 3cr CL. 

In Fig. [TJ we show the mixing angle distributions 
for these combinations. One can see that most of the 
cases could be tested in future experiments. The cor- 
responding lepton mass matrices are obtained with 
Eq. ©. As an example of our result^, we show in 
Table Q] textures #17 and 18 of [2] with a perfect fit to 
tribimaximal mixing [6] (the complete list including a 
notebook can be found in [2] ) . Thereby, we set Ue> = 1 
since it does not affect any observablesH 

In Table [U we call the new texture of M^ aj "dia- 
mond" texture because it has order one entries in the 
corners. A general feature of this kind of textures is 

2 Note, since usually more than one Yukawa coupling 
matrix leads to the same texture, we choose the one that 
fits experimental data best. 

3 However, note that Mi depends, in contrast to Cpmns, 
on U(i . 
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that = 7r/4. This texture is a direct result of our 
systematic approach. In addition, we have found new 
sum rules, e.g., for the textures in Table [T] we obtain 



'12 



2\/2 



e = arctan(2 — v2). 



(7) 



This should be compared with our result correspond- 
ing to the usual quark-lepton complementarity rela- 
tion [5] 

e e 2 7r 

which we have, of course, obtained as a special case 
from our procedure, as expected. 



(8) 



Hierarchies in M D 
(e, 1,e} 



Hierarchies in M R 





Fig. 2. Distributions of hierarchies in Md (left) and Mr 
(right) leading to NH neutrino masses for all valid seesaw 
Yukawa coupling matrices (figure taken from [3]). 

Special cases for normal hierarchy 

M D ~ symmetric M H ~ diagonal U| ~ 1 





3 Type- 1 Seesaw 

Our procedure above can also be extended to the (type- 
I) seesaw mechanism [4]Qln that mechanism, the mass 
terms for the charged leptons, Dirac and Majorana 
neutrinos are 



{M i ) lj e l e L j - (M D )ijViV 



i(Mii)^J + h.c. 

The mass matrices are diagonalized by 

Ml = UiMf ae uj,, M D = U D M D ias U D , 
M R = UrM^UI, M eff = U v M^ ae Uj, 



(9) 



where the effective neutrino mass matrix is given by 
the seesaw formula 



M eff = -M D M^Ml. 



(11) 



Together with the parameterization in Eq. ([5]), we ob- 
tain 



Af$ = -D D U D KM d ^ s U D ,DU R (K R ) 2 x 
( M dia g) - 1 u R bu* D , M^KUlDo 



(12) 



where we have introduced K = K D Kr>' : and D = 
D* D ,D* R . If we use, on the other hand, the experimen- 
tally known PMNS matrix in Eq. (J3J) together with 
Eq. (TJJ, and insert it into Eq. (flTJ]) , wc obtain 



(13) 



M o c * p = D t U e K t U PM mK^ ai x 



bmce both, M*g and M^ p describe the same mass ma- 
trix, they are identical. Therefore, we match M*g and 
M°g P with a precision of e 3 . In this way, we circumvent 
the diagonalization of M e s- For the resulting mass ma- 
trices, we show in Fig. [5]the distribution of their mass 
hierarchies, and in Fig. [3] the fraction of special cases 
often considered in literature. There, one can see that 
in most cases, Mr has degenerate masses which could 



4 The 3x3 case in Sec. [2] can be directly realized in the 
type-II seesaw. 





Fig. 3. The different pies show the fractions of special 
cases with symmetric Md, diagonal Mr, and Ue ~ 1, of all 
allowed Yukawa coupling matrices (figure taken from [3]). 
This figure is based on the mixing matrices, where Ud — 
Ujj' in the first case, Ur ~ 1 and Ue ~ 1 in the second 
and third case, respectively. For the similarity condition 
we allow for e 2 -deviations in the mixing angles. For 
instance, for an exact Ur = 1, one would have only 2% of 
all Yukawa coupling matrices. 



be used for resonant leptogenesis. Just a small frac- 
tion has a strictly hierarchical mass spectrum in Mr 
which would be preferred in usual leptogenesis scenar- 
ios. Special cases, such as symmetric Md or diagonal 
Mi, are less than 1%, contrary to diagonal Mr, which 
represents 24% of all cases. As an example, we show in 
Tablc[2]the seesaw textures #17 and 18 of [3] with the 
corresponding Yukawa coupling matrices. Note that 9c 
and the mass ratios are hardly affected by renormal- 
ization group effects since the correction to the lcpton 
mixing is < 1° for NH neutrinos. 

Such a comprehensive list of mass matrix textures 
and Yukawa coupling matrices can be used to explore 
the huge parameter space as well as for model building. 
As a proof of principle, we assume a 7-fold prod- 
uct flavor symmetry Gf with two SM singlet flavons 
fi and j[ per Z\, that are charged as /j ~ 1 and 
fl ~ 2, and have universal VEVs (fi) ~ (f-) ~ v, 
for i — 1,2, ... ,7. This flavor symmetry generates via 
the Froggatt-Nielsen mechanism [1] and the charge as- 
signment in Table[3]the mass matrix textures #17 and 
18 of Tabled (c/. also [3]), respectively. Since these tex- 
tures are contained in our list, they are guaranteed to 
provide a realistic fit to the lepton masses and mix- 
ings. The necessary order one Yukawa couplings can 
be easily reconstructed by using the given parameters. 
Note, since we set = we list just a fraction of the 
viable textures. That means that the introduction of 
non-trivial XJy increases the number of valid textures 
which is useful for a systematic identification of flavor 
symmetries. 
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Table 2. Selected examples of seesaw textures and Yukawa coupling matrices from [3]. 



Field 


Model 1 


Model 2 


vl 


(0,0,0,1,0,1,1) 


(2,0,0,2,0,0,1) 


V C 2 


(2,0,0,1,0,1,1) 


(2,0,0,2,0,0,1) 


»l 


(0,0,0,1,0,1,1) 


(0,2,0,0,2,1,0) 


ll 


(0,2,0,0,1,0,1) 


(2,0,2,2,2,1,0) 




(0,0,0,0,1,1,0) 


(2,2,0,2,2,1,0) 




(0,0,2,1,0,0,1) 


(0,2,2,2,2,0,1) 


e\ 


(2,2,2,1,1,1,1) 


(0,0,0,0,0,1,1) 


el 


(2,2,2,0,0,1,0) 


(2,2,2,0,0,3,3) 


el 


(0,2,2,0,0,0,0) 


(2,2,2,2,2,3,3) 



Table 3. Assignment of flavor charges to the leptons. The 
models 1 and 2 lead respectively to the textures #17 and 
18 in Table [2] (table taken from [3]). 



space in a possibly less biased way as well as for model 
building. Thereby, a systematic identification of flavor 
symmetries for textures could be done in an "auto- 
mated" way. 
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4 Outlook 

In this talk, we have presented a comprehensive list 
of textures for effective lepton masses and for the see- 
saw mechanism. The mass matrices are obtained via 
the hypothesis of extended quark-lepton complemen- 
tarity, i.e., all masses and mixings are assumed to be 
powers of e ~ 0(9c). For the mixings, the zeroth order 
in e is interpreted as a maximal mixing angle 7r/4. 

As a direct consequence of our systematic approach, 
we have obtained at least one new texture and a new 
sum rule. In addition, we have shown the distribution 
of PMNS mixing angles and how they could be tested 
by future experiments. We have also shown that only 
a small fraction of our results would favor usual lep- 
togenesis scenarios, while most of the cases could be 
used for resonant leptogenesis. Also special cases of 
symmetric Mn and Mg are just a small fraction of less 
than 1%, whereas diagonal Mr represents 24% of all 
resulting cases. A more sophisticated analysis can be 
found in [2,3]. This includes details of our procedure, 
the complete list of textures, the discussion of inverted 
hierarchical and degenerate neutrinos, variations of e 
and Dirac phases, distributions for Qv(3(3 etc. 

We have also shown how our textures can be gen- 
erated in explicit models from flavor symmetries. This 
could be regarded as proof of principle that our ap- 
proach can be used both to explore the parameter 
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